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VOLUME I O N  PRODUCTION I N  A TENUOUS 

HELIUM PLASMA 

by Ronald J. Sovie and Barry M. Klein 

Lewis Research Center 

SUMMARY 

A t h e o r e t i c a l  calculat ion of t h e  energy required f o r  volume ion production 
has been made for a p a r t i a l l y  ionized helium plasma i n  which a maxwellian d is -  
t r i b u t i o n  of electron energies prevai ls .  I n e l a s t i c  electron-atom c o l l i s i o n s  
t h a t  r e s u l t  i n  exci ta t ion of atomic energy l e v e l s  a r e  t h e  only l o s s  mechanisms 
considered. The energy i s  computed by considering t h e  r e l a t i v e  r a t e s  f o r  t h e  
competing process of exci ta t ion  and ionization. The r e s u l t s  show t h a t  t h e  
energy required for volume ion production decreases sharply from 78 t o  43.5 
electron v o l t s  per ion as t h e  electron k ine t ic  temperature increases from 
6 t o  60 electron vol t s .  Beyond 60 electron v o l t s  t h e  energy required decreases 
slowly t o  40.8 electron v o l t s  per ion at an e lec t ron  k i n e t i c  temperature of 100 
electron v o l t s .  The r e s u l t s  have a l s o  been used t o  evaluate t h e  ion production 
r a t e  and t h e  power consumed i n  ion production f o r  a s teady-state  plasma as a 
function of e lectron k i n e t i c  temperature. 
power d iss ipa t ion  increase a t  a decreasing rate as the  electron energy is in- 
creased. 

The ion production r a t e  and t h e  

IIVI'RODUCTION 

I n  a Joule heating device, such as a radio frequency discharge, t h e  energy 
is  added primarily t o  t h e  electrons and i s  then t r a n s f e r r e d  t o  t he  other  
species by co l l i s ions .  The co l l i s ions  may be e i t h e r  e l a s t i c  or ine las t ic ;  t h e  
former r e s u l t  i n  gas heating and t h e  l a t t e r  i n  exc i ta t ion  and ionizat ion proc- 
esses. The energy t ransfer red  from t h e  electrons i n  i n e l a s t i c  electron-atom 
c o l l i s i o n s  i s  expended usefu l ly  if t h e  atom is  ionized or i s  l o s t  if  t h e  atom 
is  excited and rad ia tes  away t h e  exc i ta t ion  energy. 

I n  plasma production and heating research it i s  necessary t o  know t h e  net 
energy cost f o r  each ion formed i n  t h e  discharge, t h e  ion production rate ,  and 
t h e  product of these  terms, which is t h e  net power consumed i n  maintaining a 
steady-state ion density. These quant i t ies  a r e  needed i n  order t o  determine 
power balances and species  number densi t ies .  
t o  ca lcu la te  these  q u a n t i t i e s  f o r  a p a r t i a l l y  ionized, s teady-state  helium 
plasma t h a t  i s  o p t i c a l l y  t h i n  and i n  which a maxwellian d i s t r i b u t i o n  of elec- 

The purpose of t h i s  treatment is 



t r o n  v e l o c i t i e s  preva i l s .  

THEORY 

Asswnpt ions and Limitations 

The volume-ion-production cost  of s ing ly  ionized atoms is  calculated on 
t h e  b a s i s  t h a t  t h e  only loss mechanisms present are i n e l a s t i c  electron-atom 
co l l i s ions  i n  which atomic energy l e v e l s  a r e  excited.  E la s t i c  co l l i s ions  are 
not considered i n  t h i s  ana lys i s  s ince  t h e  e lec t ron  energy loss i n  e l a s t i c  co l -  
l i s i o n s  is small  compared with t h e  energy loss i n  i n e l a s t i c  co l l i s ions  f o r  t h e  
range of e lectron energies considered (6 t o  100 ev). A l l  electron-atom c o l l i -  
s ions a r e  assumed t o  occur with ground-state atoms. It is shown i n  appendix B 
that t h i s  is  a good assumption at  e lec t ron  number d e n s i t i e s  much less than 

vo l t s .  This l i m i t  increases  with increasing e lec t ron  k ine t i c  temperature. 
Neglecting t h e  e f f e c t s  of e lec t ron  co l l i s ions  with exci ted atoms w i l l ,  i n  
general, cause t h e  ca lcu la ted  volume-ion-production cost  t o  be s l i g h t l y  higher 
than t h e  t r u e  value, s ince  ion iza t ion  of an exci ted s t a t e  a f fords  a means of 
regaining t h e  exc i t a t ion  energy of t h a t  l eve l .  

per  cubic centimeter f o r  an e lec t ron  k i n e t i c  temperature of 6 e lec t ron  

> 

The processes by which charged p a r t i c l e s  recombine may be considered sep- 
a r a t e l y  i n  t h e  u l t imate  power balance calculat ion.  I n  t h e  cases of wall. r e -  
combination and r a d i a t i v e  volume recombination, t h e  energy i s  considered as 
being l o s t  from t h e  plasma. Although t h e r e  may be an energy feedback t o  t h e  
electrons i n  three-body recombination, t h i s  i s  not t h e  dominant recombination 
process f o r  t h e  range of e lec t ron  energies considered (6 t o  100 ev), and con- 
sequently such recombinat ions a r e  neglected. 

I n  cases where t h e  e lec t ron  k ine t i c  temperature exceeds 40 e lec t ron  v o l t s  
and t h e  percentage ion iza t ion  i s  appreciable, c o l l i s i o n s  with excited ions and 
mult iple  ion iza t ion  would have t o  be considered i n  addi t ion t o  t h e  r e s u l t s  
presented herein.  This consideration i s  discussed i n  more d e t a i l  i n  appen- 
d ix  B. 

Development of Equations 

The exc i ta t ion  cross  sec t ion  of t h e  jth atomic energy l e v e l  expressed as 
a funct ion of e lec t ron  ve loc i ty  w i l l  be represented by This quant i ty  
w i l l  subsequently be r e fe r r ed  t o  as t h e  exc i ta t ion  function of t h e  jth atomic 
energy l eve l .  The number of j s t a t e s  produced per  u n i t  volume per second by 
electrons with ve loc i ty  Ve i s  given by 

oj(Ve). 

fij = N O e J  N a.(Ve)Ve l / ( c u  cm) ( sec)  

( A l l  symbols a r e  defined i n  appendix A. ) 
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If t h e r e  is  a d i s t r ibu t ion  of e lec t ron  ve loc i t i e s  present, equation (1) 
d% , t h e  number of e lectrons with ve loc i t i e s  between m u s t  be mult ipl ied by 

Ve and Ve + dVe, and averaged over a l l  ve loc i t i e s .  Equation (1) then takes  
t h e  form 

e 

o r  

where 

1;J. = N ~ N ~ ( U ( V , )  ve) 
j J (3) 

The lower l imi t  on the  i n t e g r a l  is  t h e  e lec t ron  ve loc i ty  corresponding t o  t h e  
exc it at ion threshold energy. 

For a maxwellian d i s t r i b u t i o n  of e lec t ron  ve loc i t i e s ,  

Equation (4)  theref  ore  becomes 

J Vm 

Since a l l  e lec t ron  co l l i s ions  a r e  assumed t o  be with ground-state atoms 
and t h e  energy of t h e  j t h  s t a t e  is represented as 
pended per un i t  volume per  second i n  exci t ing t h e  j t h  s ta te  is  

Ej, t h e  t o t a l  energy ex- 

If t h e r e  are r states that may be excited, t h e  t o t a l  energy expended i n  
a l l  exc i ta t ion  processes is 
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Similarly, t h e  number of ions formed per cubic centimeter per  second is 
given by t h e  r e l a t i o n  

where Eion is t h e  ionizat ion energy of t h e  ground-state atom. 

The net cost  for each ion formed or t h e  volume-ion-production cost is 
therefore  

exc 6 + e  ion E =  
ion 

cp Ii 

o r  

which reduces t o  

Ecp = Eion t .i =1 

The net power consumed i n  ionizat ion processes converted t o  watts per  
cubic centimeter is 

- l g N  E = 1. 602X10-19NONe(o(Ve)Ve) E w/cu cm (13) W = 1.602X10 
ion cp ion cp 

where Ew i s  expressed i n  u n i t s  of e lectron v o l t s  per  ion. 

4 



In order t o  evaluate (eq. (Ill), fiton (es .  (g)), and W (eq. ( 1 3 ) ) ~  
t h e  averaged exci ta t ion functions must be determined. 

EXCITATION FLTNCTIONS 

Experimental measurements of t h e  exci ta t ion functions of helium have been 
made i n  a number of investigations,  t h e  most notable being Lees ( re f .  1) and 
Thieme ( r e f .  2 ) .  The r e s u l t s  of these  investigations may b e  misleading, how- 
ever, s ince t h e  e f f e c t s  of such secondary processes as imprisonment of reso- 
nance radiation, cascading, and exci ta t ion transf 'er  were not subtracted from 
t h e  measured cross sections.  The experiments of reference 2 were performed at  
a lower pressure than those of reference 1. Consequently, t h e  r e s u l t s  of 
ref'erence 2 would be expected t o  possess a grea te r  degree of accuracy s ince t h e  
extent t o  which these  secondary processes a f fec t  t h e  cross-sect ion determina- 
t i o n  increases w i t h  pressure. Phelps ( re f .  3) has applied t h e  theory of i m -  
prisonment of resonance rad ia t ion  t o  measurements of exc i ta t ion  cross sections.  
The r e s u l t s  of reference 3 have been considered by Gabriel  and Heddle ( r e f .  4) 
i n  t h e i r  invest igat ion of helium exci ta t ion cross sect ions at 108 electron 
vol ts ,  and they  have a l s o  applied corrections f o r  cascading and excit,ation 
t r a n s f e r  e f fec ts .  It i s  pointed out by Frost  and Phelps i n  reference 4 tha t  
t h e  exci ta t ion functions of reference 2 f o r  members of t h e  same s p e c t r a l  se- 
r i e s  have very nearly t h e  same shape and may be represented as t h e  product of a 
shape function g(Ve) and some magnitude, which may conveniently be taken as 
t h e  maximum cross section. The experiments of reference 2 were performed a t  a 
low pressure (5 microns), and although t h e  magnitudes of some of t h e  cross 
sect ions a r e  i n  error,  t h e  shape functions obtained should be close t o  t h e  t r u e  
shape functions within t h e  experimental error .  
3lP l e v e l  and t h e  n3P ser ies ,  f o r  
which cascading e f f e c t s  must be con- 
sidered. The corrected shape func- 
t i o n s  f o r  these  levels a r e  given by 

The only exceptions a r e  t h e  

Ionization limit 25 Energy level - I 
+---- =- 3- 3- '-A 

2- 

n b  

z- 

JD $5 
Series 

&- 

n 3 ~  

1.0 

.a 

.6 

.4 

. 2  
0- 

(a) nlS series. Ib) n3S series. 

(c) n'p series. 

(e) nlD series. 

(d) n3P series. 

Electron energy, ev 

( f l  n3D series. 

Figure I. - Energy-level diagram for helium. Fiqure 2. - Normalized excitation shaoe functions. 
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Gabriel  and Heddle ( r e f .  4).  

O n l y t h e  first eight  energy l eve l s  of each s e r i e s  were considered p e r t i -  
nent i n  t h e  ca lcu la t ion  of t h e  volume-ion-production cost, and they  a r e  shown 
i n  f igu re  1. 
those  of reference 2, with t h e  previously mentioned correct ions being made f o r  
cascading e f f ec t s .  

The shape functions used f o r  t h e  various s p e c t r a l  s e r i e s  a r e  

The shape functions are shown i n  f i g u r e  2 normalized t o  

E, 

z 
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c 
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3 
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E 
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.- 

(a) n% series. 

10x10-17, 
8b-- 

(d) n3S series. 
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o Gabriel and Heddle 

(b) nlP series. 
10x10-1f1 i . 
8P- I 

(c) "ID series. 

Principle quantum number, n 

(e) n 3 ~  series. ( f l  n3D series. 

Figure 3. -Maximum excitation cross Sections. 



uni ty  at t h e i r  m a x i m u m  value. Gabriel  and Heddle obtained t h e  maximum cross 
sections by f i t t i n g  t h e i r  results at 108 electron v o l t s  t o  these  shape func- 
t ions .  The Qmax values a r e  presented i n  f igure  3 as a function of pr inc ipa l  
quantum number. 
Phelps i n  reference 4, which shows t h a t  data from tha t  study can be represent- 
ed by Q m m  a n-", where a. var ies  from 3 t o  3.5. In reference 4 it i s  s t a t e d  
tha t  a reasonable presentation of t h e  data  obtained would be Qmax a (n*)-3, 
where n* 
of t h e  square root of t h e  term value i n  rydbergs. Hartree, reference 5, has 
shown t h a t  t h e  i n t e n s i t i e s  of t h e  s p e c t r a l  l i n e s  of a given s p e c t r a l  s e r i e s  
might be expected t o  follow a (n*)-3 law,  and s i m i l a r  behavior would be ex- 
pected of t h e  exci ta t ion cross sections.  T h i s  determination of t h e  m a x i m u m  
cross sections allows f o r  t h e  e f f e c t s  of secondary processes, and these  values 
agree qui te  wel l  with those of reference 2 f o r  l e v e l s  i n  which t h e  data  
( r e f .  2 )  a r e  not i n  e r r o r  because of t h e  e f f e c t s  of secondary processes. 

A presentation of t h i s  type was first  suggested by Frost  and 

i s  t h e  e f fec t ive  pr inc ipa l  quantum number defined as t h e  reciprocal  

For t h e  purpose of comparison, t h e  r e s u l t s  of a number of independent ca l -  
culat ions of m a x i m u m  cross sect ions a r e  also shown i n  f igure  3. Cross sect ions 
f o r  leve ls  t h a t  were not experimentally determined i n  reference 4 a r e  obtained 
by extrapolation of t h i s  f igure.  
used i n  f igures  2 and 3 are considered t o  be accurate t o  within f10 percent 
( r e f .  4) .  

The shape functions and t h e  maximum values 

A s  a f i n a l  check on t h e  magnitude of t h e  exc i ta t ion  functions, t h e  t o t a l  
i n e l a s t i c  exci ta t ion cross sec t ion  is calculated by using t h e  previous r e s u l t s  
and is p lo t ted  as a f m c t i o n  of e lectron energy i n  f igure  4. 
and e l a s t i c  cross sect ions a r e  a l s o  presented i n  t h i s  f igure.  The sum of these  
cross sect ions is then compared with t h e  experimental t o t a l  cross sect ions of 

The ionizat ion 

I I  
280x10-18 

240 

200 

5 

'i;i : 120 

160 
c 0 .- 

In e u 
80 

1l 0 

1 1 1 1 1 1 1 1 i I J I I I  
Data from - Cross section - Normand(ref. 6) - Brode(ref. 8) - Bruche(ref. 7) 

Y Smith (ref. 9 )  

--- 
------ 

I I I I I I I I I I I  I l l  I I  I 
40 60 80 100 120 140 160 180 

Electron energy, ev 
Figure 4. - Cross-section comparison. 
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Normand ( r e f .  6 ) ,  Bruche (ref. 7 ) ,  and Brode (ref. 8 ) .  It i s  seen i n  f i g u r e  4 
t h a t  except f o r  t h e  r e s u l t s  of reference 7 good agreement is  obtained between 
t h e  sum of t h e  individual  cross sect ions and t h e  experimental t o t a l  cross sec- 
t ions. 

DICLTRMmTION OF (u (Ve )Ve) AND RESULTS 
j 

The shape functions presented i n  t h e  previous sec t ion  a r e  represented by 
empirical equations giving t h e  cross sec t ion  as a function of e lectron veloc- 
ity. These The empirical  f i ts  t o  t h e  shape functions are shown i n  f igure  5. 

c 0 .- 
5 
VI 

VI VI 

V 

u a N 

m 

L 

e 

.- - 
E 
0 z 

0 loo m 300 

I 

1 I 
400 

I I I I I I  
Shape funct ion 

Empirical f i t  

(b) n3S series. 

(d) n3P series. 

empirical  equations a r e  mul- 
t i p l i e d  by t h e  electron ve- 
l o c i t y  and a r e  averaged over 
a maxwellian ve loc i ty  d i s t r i -  
bution t o  obtain t h e  
( u (Ve )Ve ) quant it i e s  . The 

equations used, t h e i r  range 
of va l id i ty ,  and t h e  form of 
t h e  ( u ( V e ) V e )  quant i t ies  

a r e  l i s t e d  i n  t a b l e  I, while 
t a b l e  I1 contains t h e  numer- 
i c a l  values of t h e  constants 
used f o r  each of t h e  l e v e l s  
considered. The empirical 
f i t s  t o  t h e  exc i ta t ion  func- 
t i o n s  a r e  considered accurate  
t o  within -f10 percent of t h e  
experimental curves. For t h e  
purpose of expediting t h e  
calculat  ion of t h e  
( u ( V e ) V e )  quant i t ies  l i s t e d  

i n  t a b l e s  I and 111, t h e  
u n i t s  of Vm, Ve, and 
Vnumber a r e  chosen f o r  t h i s  
case t o  be t h e  square root 
of e lectron v o l t s  per gram 

j 

j 
Electron energy, ev 

(e) nlD series. (f) n3D series. 

Figure 5. - Comparison of empirical f its w i th  normalized shape funct ions.  

s o  t h a t  pVm and pVe a r e  dimensionless quant i t ies .  The constant y ap- 
pears i n  t a b l e s  I and I11 i n  order t o  convert t h e  (U(Ve)Ve)j quant i t ies  t o  
u n i t s  of cubic centimeters per second. 

The ionizat ion cross sect ion used i n  t h e  ca lcu la t ion  of t h e  
( O ( V ~ ) V ~ ) ~ ~ ,  quant i ty  w a s  from Smith ( r e f .  9 ) .  

cross section i s  shown i n  f igure  6, and t h e  other  relevant data  concerning t h i s  
f i t  a r e  presented i n  t a b l e  111. 

The empirical f i t  f o r  t h i s  
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Series  

nlS 

nlP  

nlD 

n35 

n3p 

n3n 

TABLE I. - PARAMETRIC EQUATTONS AND (O(Ve)Ve) RELATTONS 

Maxwellian averaged cross sect ion,  
(dVe)Ve) 

2 - - p3CyEi(- p2V&) 
J;; 
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TABLE 11. - " J C A L  VALUES OF CCNsTAmTS FOR PARAMETRIC FITS TO EXCITATION FU"0ITS 

Pr inc ipa l  Se r i e s  
quantum 
number, 

l 4 . l l  73-39 
6.361 33.27 
3.65 19.71 
2.231 ll.88 

8 1.564 8.23 

quantum 
number, 

I 

25.85 
14.95 
8.59 
5.55 
3.736 

1 ~ 0 3  

11.98 
2.91 
1.63 - 703 
.402 
-245 
-171 

~ ~ ~ 0 - 1 7  1 ~ 0 4  

24.96 21.44 
7.321 6.28 
3.374 2.888 
1.351 1.155 

.483 ,4125 

.273 ,2406 

Se r i e s  

311 I 

29.8 5.235 

------ ----- 
15.30 I E r:: 7.97 1.216 58.81 

4.82 ,719 25.5 
1.56 -304 21-82 
1.233 .182 20.7 

.9 62 5.91 

------ 
683.7 
129.4 
91.38 
49.26 
27.94 
16.48 

------ 
14.1 
2.32 
1.45 
.881 
- 4 1  
.242 

----- 
82.1 
12.96 
8.55 
5.12 
2.38 
1.416 

3s 

A l U O - "  

1459 
726.2 
304.9 
134.4 
115.6 
110.2 
31.5 

~ ~ ~ 0 3 9  

22.85 
6.36 
2.155 
-851 
-722 
.635 
.181€ 

TABLE 111. - PARAMETRIC EQUATIONS FOR IONIZ&TION CASE 

p1 = ~ 8 7 8 X 1 0 - l ~  sq cmj A2 = 3.93X10-l7 s q  cm; G = 1 2 . 5 0 ~ l O ~ ~  ( e ~ / g ) ~ / ~ ;  
A 3  = 4 . 0 1 O ~ l O - ~ ~  sq cm; T = 1 . 8 9 ~ ~ 1 - ~ ~  ( g ) ( s q  cm)/evj H = 2 0 . 6 8 ~ l O - ~  sq cm (ev/g)1/2.) 

Parametric 
equation for, 

a(ve) 

A 3  - T V ~  r 
/f 

Maxwellian averaged cross  sec t ion ,  
(o(ve )Ve ) 

The (o(Ve)Ve) quan t i t i e s  shown i n  t a b l e s  I and I11 are mult ipl ied by t h e  
3 

appropriate energy values as obtained from Moore ( ref .  10) and t h e  volume-ion- 
production cost  is  then determined from equation ( 1 2 ) .  The cost  i n  e lec t ron  
v o l t s  for each ion  is presented i n  f i g u r e  7 as a function of e lectron k ine t i c  
temperature. The cost  decreases sharply from 78 t o  43.5 electron v o l t s  per  ion 
as t h e  e l ec t ron  k i n e t i c  temperature increases from 6 t o  60 electron vo l t s .  Be- 
yond 60 electron v o l t s  the cost  decreases slowly t o  40.8 electron v o l t s  per ion 
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c- 
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Electron energy, ev 

Figure 6. - Comparison of empirical 
fit with ionization cross section. 

at  an e lec t ron  k ine t i c  temperature of 100 e lec t ron  
v o l t s .  An inspection of t h e  ionizat ion and t h e  
t o t a l  i ne l a s t i c - exc i t a t ion  cross  sect ions i n  f ig -  
ure  4 shows t h a t  t h e  shape of t h e  cost curve i s  as 
expected, s ince at low temperatures exc i ta t ion  i s  
more probable t h a n  ionization, and t h e  reverse i s  
t r u e  a t  high temperatures. It should be pointed out 
again, however, that i n e l a s t i c  co l l i s ions  with ions 
have not been considered i n  t h i s  treatment. If 
these  co l l i s ions  w e r e  considered, t h e  curve of t h e  
volume-ion-product ion cost  would begin t o  increase 
at approximately 40 e lec t ron  v o l t s  and would reach a 
m a x i m u m  value a t  some high electron k ine t i c  tempera- 
t u re .  

!' I 

/ I  
40 

Electron kineti 

i i  

il 

60 70 80 90 100 
temperature, ev 

Figure 7. - Volume-ion-production cost as function of electron kinetic temperature. 

Electron kinetic temperature, ev 

Figure 8. - Ion-production-rate parameter as function of electron kinetic temperature. 

In  order t o  f a c i l i t a t e  t he  use of these  r e s u l t s  i n  other  calculat ions,  

( 9 ) )  i s  p lo t t ed  as a function of 
such as a power balance, two addi t iona l  curves a r e  presented. 
production-rate parameter 
e lec t ron  k ine t i c  temperature i n  f igu re  8, and f igu re  9 shows t h e  va r i a t ion  of 

An ion- 
fiion/N0Ne (eq. 

11 
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t h e  power consumed i n  ion production 
k i n e t i c  temperature. 

EV(iion/NoNe) (eq. (13)) with e lec t ron  

Electron kinetic temperature, ev 

Figure 9. - Power-consumption parameter as function of electron kinetic temperature. 

I n  order t o  obtain t h e  ion-production rate and t h e  power consumed i n  ion 
production f o r  any experiment, a l l  t h a t  i s  needed i s  t o  multiply t h e  r a t e  and 
power parameters by t h e  NoNe (l/cm6) and by t h e  volume i n  cubic centimeters 
appropriate  t o  that experiment. The r e s u l t s  presented i n  f igures  7 t o  9 a r e  
tabulated i n  t a b l e  IV. 

CONCLUDING REMARKS 

The r e s u l t s  of a number of  individual  inves t iga t ions  of helium exc i ta t ion  
functions have been combined t o  generate a c red ib le  self-consis tent  s e t  of 
helium exc i ta t ion  functions.  These exc i ta t ion  funct ions have been used t o  
ca lcu la te  t h e  volume-ion-production cost  for a helium plasma. This cost  de- 
creases sharply from 78 t o  43.5 e lec t ron  v o l t s  per ion as t h e  electron k ine t i c  
temperature increases  from 6 t o  60 e lec t ron  vo l t s .  Beyond 60 e lec t ron  v o l t s  
t h e  cost  decreases slowly t o  40.8 electron v o l t s  per  ion at any electron energy 
of 100 e lec t ron  v o l t s  . 

The ion-production rate and t h e  required power d i s s ipa t ion  for a steady- 
s t a t e  plasma were a l s o  evaluated as functions of e lec t ron  energy. These quan- 
t i t i e s  increase a t  a decreasing r a t e  as  t h e  e lec t ron  k ine t i c  temperature i s  
increased. Because of t h e  experimental uncertainty i n  determining t h e  exci ta-  
t i o n  functions and t h e  percentage e r ro r s  encountered i n  t h e  empirical f i ts ,  
t h e  resul ts  presented i n  t h i s  report  a r e  considered accurate t o  within *20 per- 
cent of t h e  t rue  values.  The r e s u l t s  apply t o  a steady-state,  p a r t i a l l y  ion- 
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I 

Electron 
kinetic 

trmperature, 
ev 

6 
8 

1 2  
1 6  
20  

2 4  
28 
32 
36 
40 

44 
48 
52 
56 
60 

64 
68 
72 
76 
80 

84 
88 
92 
96 
100 

TABLE IT. - CALclTLATED RESULTS 

Ion- 
production 
cost, 

ev/ion 
% 

77.8 
68.8 
59.7 
55.1 
52.1 

50.0 
48.5 
47.4 
46.4 
45.7 

45.0 
44.5 
44.0 
43.6 
43.2 

42.8 
42.5 
42.2 
42.0 
41.7 

41.5 
41.3 
41.1 
41.0 
40.8 

Ion-producti on 
rate, 

*ion 

No% 
(ions) (cu cm)/sec 

d 

1 . 3 ~ l O - ~ O  
4.3 

14.5 
27.8 
41.8 

55.6 
68.7 
80.8 
92.1 

102.5 

112.1 
120.9 
129.0 
136.5 
143.4 

149.8 
155.8 
161.3 
166.4 
171.1 

175.6 
179.7 
183.6 
187.2 
190.6 

Power dissipated 
in producing ions, 

E Nion 

(watt)(cu cm) 
‘p”,’ 

1. 7x10-27 
4.7 

13.9 
24.5 
34.9 

44.6 
53.4 
61.4 
68.5 
75.0 

80.8 
86.1 
90.9 
95.2 
99.2 

102.8 
106.1 
109.1 
111.9 
114.4 

116.8 
118.9 
121.0 
122.8 
124.5 

ized helium plasma t h a t  i s  opt i -  
c a l l y  t h i n  and i n  which a m a -  
wellian d i s t r i b u t i o n  of e lectron 
v e l o c i t i e s  prevails.  If, how- 
ever, t h e  electron temperature 
and density a r e  such t h a t  t h e  
appropriate steady-state ioniza- 
t i o n  equation (corrected Saha o r  
corona equation) predicts  an ap- 
preciable degree of ionization, 
t h e  presented r e s u l t s  are v a l i d  
only i f  t h e  ionizat ion and exci- 
t a t i o n  a r e  reduced by enhanced 
recombination and deexcitation 
e f fec ts ,  f o r  example, a t  t h e  
w a l l s  of a discharge chamber. 
It should be noted t h a t  t h e  re- 
s u l t s  presented herein would 
represent one term i n  a power o r  
species balance calculation, 
t h a t  i s ,  t h e  ion-production r a t e  
or the  power diss ipated i n  ion 
production. There w i l l  be addi- 
t i o n a l  terms t o  account f o r  re- 
combination and w a l l  losses ,  but 
these w i l l  be d i f f e r e n t  f o r  d i f -  
f e r e n t  experimental configura- 
t i o n s  and a r e  therefore  not in-  

cluded i n  t h i s  calculation. 
i f  t h e  plasma i s  heated, accelerated,  or performs work. 

There w i l l  a l so  be addi t ional  power requirements 

L e w i s  Research Center 
National Aeronautics and Space Administration 

Cleveland, Ohio, January 2, 1964 
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APPENDM A 

SYMBOLS 

A1,A2,Ag quan t i t i e s  used i n  parametric equations, sq em 

c 
D 

quant i ty  used i n  parametric equations, [(em) (ev)/g] 

s p e c t r a l  l e v e l  with angular momentum corresponding to L = 2 

E energy, ev 

ion iza t ion  energy, ev Eion 

E i  (-x) 

energy of jth atomic energy level ,  ev 

threshold energy for exci t ing a l e v e l  

volume-ion-production cost, ev/ion 

energy expended i n  exc i ta t ion  processes, ev/(cu em) ( see)  

energy expended i n  ionizat ion processes, ev/(cu em) ( see )  

t o t a l  energy expended i n  exci t ing jth atomic energy level ,  

E j  

Ecp 

Eexc 

Eion 

Ej, t o t  
ev/(cu em) (see)  

exc i ta t ion  energy of i o n  energy l eve l s  E+ 

e r f c  (x)  1 - e r f ( x )  

G 

g(ve)  

quant i ty  used i n  parametric equations, ( e ~ / g ) ~ / ~  

shape funct ion for spec t r a l  s e r i e s  

H 

K 

quant i ty  used i n  parametric equations, (sq em) (ev/g)1/2 

j t h  atomic energy l e v e l  

quant i ty  used i n  parametric equations, ( e ~ / g ) ~ / ~  
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kTe 

me 

N e  

'ion 

NO 

" 
Nion 

Nj 

iM 

n 

* 
n 

P 

%ax 

R 

r 

S 

'e 

Vm 

'number 

W 

x, Y 

Z 

P 

electron k ine t i c  temperature, ev 

electron m a s s ,  g 

e lectron density, electrons/sq cm 

ion density, ions/cu cm 

metastable production rate, metastables/(cu em) ( sec)  

neu t r a l  density, atoms/cu c m  

production rate of ions from metastable s t a t e ,  ions/(cu c m )  (see)  

ion product ion rat e, ions/ (cu c m )  (sec) 

jth state production rate, l / (cu  em) (sec) 

p r inc ipa l  quantum number 

e f fec t ive  pr inc ipa l  quantum number 

spec t r a l  level  with angular momentum corresponding t o  L = 1 

m a x i m u m  cross section, s q  cm 

NIdNion 

number of energy levels considered 

spec t r a l  l e v e l  with angular momentum corresponding t o  

e lectron veloci ty ,  cm/sec o r  (ev/gl1/2 

L = 0 

electron ve loc i ty  corresponding t o  threshold energy for exc it ing a 
level, cm/sec or  (ev/g)1/2 

electron ve loc i ty  corresponding t o  energy used as l i m i t  i n  averag- 
ing process, (ev/g)Vz 

power, w 

coordinates 

quant i ty  used i n  parametric equations, (sq cm)  ( e ~ / g ) ~ / ~  

( me/2kTe ) ( g/ev ) 'I2 

e-YyT-' dy, incomplete gamma function 
l p  ve 
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1. 266X10-6 k s q  cm) (g) / (  see’) (evg1l2 

exc i ta t ion  funct ion for an atomic energy level ,  sq cm 

ioniza t ion  funct ion for metastable helium atom, sq cm 

jonizat ion funct ion f o r  helium atom, sq cm 

exc i ta t ion  funct ion for j t h  atomic energy level ,  sq cm 

exci ta t ion  funct ion f o r  helium I1 energy l eve l s  

quant i ty  used i n  parametric equations, ( sq  cm) (g)/ev 

l i f e t ime  of metastable s ta te ,  sec 

Superscripts:  

1 s ingle t  state 

3 t r i p l e t  st at e 

16 



APPENDIX B 

LIMITATIONS OF ASSUMPTIONS 

Electron-Ekcit ed-At om In terac t  ions 

The in te rac t ion  between electrons and excited atoms t h a t  would have t h e  
grea tes t  e f fec t  on t h e  calculat ions would be t h e  ionizat ion of helium i n  a met- 
as tab le  s t a t e ,  s ince t h e  metastable s t a t e s  have a l i f e t i m e  of approximately 

second, which i s  roughly two orders of magnitude grea te r  than t h e  l i f e -  
times of ordinary excited states. I n  order t o  j u s t i f y  neglecting these  proc- 
esses i n  t h e  calculat ion of t h e  volume-ion-production cost, it must be shown 
t h a t  t h e  r a t i o  of t h e  number of metastable atoms ionized per  second t o  t h e  num- 
ber of ground-state atoms ionized per second is very much l e s s  than 1. In  
equat ion f om, 

The number of metastable atoms ionized per second i s  given by t h e  r e l a t i o n  

where 

I;J M = N ~ N ~ ( C I ( V , ) V , ) ~  

Similarly, 

5ion = NoNe ( (5 (Ve )Ve ) ion 

Consequently, equation ( B l )  becomes 

o r  

Considering, f o r  example, t h e  helium 2% metastable s t a t e ,  calculat ions for 
an electron k ine t ic  temperature of 20 electron v o l t s  show t h a t  

(b(Ve)Ve)M21s = 3 . 8 2 ~ l O - ~ O  cu cm/sec 

17 



and 

(o(Ve)Ve)ion = 4. 18X10’9 cu cm/sec 

1 The cross  sec t ion  f o r  ion iza t ion  of a helium 2 S metastable atom has not been 
determined experimentally, but a ca lcu la t ion  using t h e  Gryzinski method (ref. 
11) indica tes  t h a t  t h e  maximum value of (a(Ve)V ) 

6X10’7 cubic centimeter per second. 
y ie lds  

would be approximately 
e IM21s 

Subst i tut ing these  quan t i t i e s  i n t o  (B6)  

lom6 (3. 82X10’10) - .  (6X10’7) Ne << R =  ~ 

4.18X10-’ 

= 5 . 4 8 ~ 1 0 ’ ~ ~  Ne << 1 

Consequently, t h e  approximat ion is good f o r  

N << 1.81x1013 cu cm 
e 

A t  an e lec t ron  temperature of 6 e lec t ron  v o l t s  a similar ca lcu la t ion  indicates  
t h a t  per  cubic centimeter would represent an approximate upper bound on 
t h e  e lec t ron  density.  It should be noted t h a t  t hese  estimates are on t h e  con- 
serva t ive  s ide,  and t h e  upper bound increases  as t h e  e lec t ron  temperature is 
increased beyond 20 e lec t ron  vo l t s .  

Electron-Ion Inberact ions 

Consider t h e  case where t h e  helium ions may be exci ted but not ionized. 
The equation f o r  t h e  net energy cost  f o r  each ion produced then takes  t h e  form 

where t h e  summation over j includes t h e  ion iza t ion  of t h e  neu t r a l  atom. The 
e f f e c t s  of exc i t ing  t h e  helium I1 s t a t e s  are negl ig ib le  i f  

‘Uion (u(V,)Ve)+E+ 
NO 
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The threshold energy f o r  an n = 1 t o  n = 2 exc i ta t ion  i n  helium I1 is  40.6 
e lectron vo l t s .  T h i s  i s  the  most probable exc i ta t ion  i n  helium 11, and a t  an 
electron k ine t ic  temperature of 40 electron v o l t s  ionizat ion of helium I1 may 
be neglected s ince t h e  t-hreshold f o r  ionizat ion is 54 electron vo l t s .  

For an electron k ine t i c  temperature of 40 electron vol ts ,  calculat ions 
show that 

(a(Ve)Ve) E2+ 3x10 -2 
1-2+ 

The ( G ( V , ) V , ) ~ - ~ + E ~ +  value w a s  obtained by using t h e  approximation f o r  t h i s  

cross  sec t ion  given by Berger ( r e f .  1 2 ) .  Subst i tut ing these  values i n t o  (B8) 
y ie lds  

o r  

1 2 . 3  

Nion - >> 1 
NO 

- 

Thus, f o r  t h e  case considered t h e  exc i ta t ion  of helium I1 leve ls  may be neg- 
lected, f o r  a range of Nion/No values.  The e f f ec t  of t h e  exc i ta t ion  of he- 
l ium I1 energy l eve l s  w i l l  decrease with decreasing electron k ine t i c  tempera- 
t u re .  If t h e r e  i s  an appreciable amount of ionizat ion and if t h e  e lec t ron  
kznet ic  temperature increases beyond 40 electron vol t s ,  t h e  e f f e c t s  of exci ta-  
t i o n  and ionizat ion of t h e  helium ion w i l l  become increasingly important and 
w i l l  have t o  be considered along w i t h  t h e  r e s u l t s  presented i n  t h i s  report .  

19 
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